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Abstract

A graph is called integral if all the eigenvalues of its adjacency matrix
are integers. In this paper, we give a useful sufficient and necessary
condition for complete r-partite graphs to be integral, from which we
can construct infinite many new classes of such integral graphs. It is
proved that the problem of finding such integral graphs is equivalent
to the problem of solving some Diophantine equations. The discovery
of these integral complete r-partite graphs is a new contribution to the
search of such integral graphs. Finally, we propose several basic open
problems for further study.
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1 Introduction

We shall consider only simple undirected graphs (i.e. undirected graphs without loops or
multiple edges). For a graph G, let V(G) denote the vertex set and E(G) the edge set.
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The characteristic polynomial |xI — A| of the adjacency matrix A (or A(G)) of G is called
the characteristic polynomial of G and denoted by P(G,x). The spectrum of A(G) is also
called the spectrum of G.

The notion of integral graphs was first introduced by F. Harary and A.J. Schwenk in
1974 (see [9]). A graph G is called integral if all the zeros of the characteristic polynomial
P(G, x) are integers. In general, the problem of characterizing integral graphs seems to be
difficult. Thus it makes sense to restrict our investigations to some interesting families of
graphs, for instance, cubic graphs [3, 19], complete tripartite graphs [17], graphs with three
eigenvalues [16], graphs with maximum degree 4 [1], etc. Trees present another important
family of graphs for which the problem has been considered in [4, 5, 6, 10, 11, 12, 13, 14,
15, 20, 21, 23, 24, 25]. Other results on integral graphs can be found in [7, 8, 22]. For all
other facts on graph spectra (or terminology), see [7, 8].

A complete r-partite graph K, p, ... ». is a graph with aset V =V, UV, U---UV,
of p1 + p2 + -+ + p-(= n) vertices, where V;’s are nonempty disjoint sets, |V;| = p; for
1 <4 < r, such that two vertices in V' are adjacent if and only if they belong to different
Vi’s. An infinite family of integral complete tripartite graphs was constructed in [17], where
the author mentioned the general problem on integral complete multipartite graphs. He
thought that it is possible that for » > 3 there also exist an infinite number of integral
complete r-partite graphs. But he did not find such integral graphs. The authors of [1]
thought that the general problem seems to be intractable. In this paper, we give a useful
sufficient and necessary condition for complete r-partite graphs to be integral, from which
we can construct infinite many new classes of such integral graphs. It is proved that
the problem of finding such integral graphs is equivalent to the problem of solving some
Diophantine equations. The discovery of these integral complete r-partite graphs is a new
contribution to the search of such integral graphs. In fact, M. Roitman’s result on the
integral complete tripartite graphs is generalized in this paper (see also M. Roitman, An
infinite family of integral graphs, Discrete Math. 52(2-3)(1984), 313-315. MR 86a:05089).
Finally, we propose several basic open problems for further study.

2 A sufficient and necessary condition for complete
r-partite graphs to be integral

In this section, we shall give a useful sufficient and necessary condition for complete -
partite graphs to be integral.

Lemma 2.1. For the complete r-partite graph K, ,, ... . on n vertices, we have
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P(Kpypae ) = 2" "1 =S P T +py)-
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Assume that the number of distinct integers of py,ps, -+ ,p, is s. Without loss of
generality, assume that the first s ones are the distinct integers such that p; < py < -+ < ps.
Suppose that a; is the multiplicity of p; for each ¢ = 1,2,--- ,s. The complete r-partite
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graph Kp, py . pr=Kpi o pro po,e po 15 also denoted by Ky, .pi aspo,asps, Where 7= >""  a;
S
and |V]=n=>"_ a;p;.

Example 2.2. (see [8]) For the complete r-partite graph Kp, p, ... p, = Kaypr, asps, - aspe
on n vertices, if s =2, ay = ag = 1, then K, ,, is integral if and only if p1ps is a prefect
square.

Corollary 2.3. For the complete r-partite graph Ky, p, ... p, = Ko\ p1.ao-pa,es asps O T VET-
tices, we have

s

P(Ka, p1aspoasps: ) = 2" H(x +pi)aiil[H T+ pi) — Zajpj H x +pi)-
i=1

=1 i=1,i#£j
The following Theorem 2.4 is immediate.

Theorem 2.4. The complete r-partite graph Ky, p, ... p, = Koy prasps,as-ps 01 T VETtICES
1s integral if and only if

Haz+pl Za]p] H (x +p;) =0. (1)
=1

i=1,i#j

has no other roots but integral ones.

We shall discuss Eqn.(1) to get more information. First, we divide both sides of Eqn.(1)
by [1_,(z + p;), and obtain

~ a;pi
=1. 2
2t “
Let F(z) =37, w — 1. Clearly, —p; are not roots of Eqn.(1) for 1 <4 < s. Hence,

all the solutions of Eqn.(1) are the same as those of Eqn.(2). Now we consider the roots of
F(z) over the set of real numbers. Note that each p; is discontinuous point of F(z). For
1 < <s, we have that F/(—p; — 0) = —oo, F(—p; +0) = 400, F(—00) = F(4+00) = —1,
Fllz) = =%, = ;zz) . We deduce that F(x) is strictly monotone decreasing on each
of the continuous intervals over the set of real numbers. Using Zero Point Theorem of
Mathematical Analysis, we get that all the roots of F'(x) are real and it has s distinct
roots. Let all the roots of F(z) are given by —00 < uy < us_1 < -+ < u3 < +00, then we

obtain

P < Uy < P < Ugy < v < —Po < Uy < —Pp < Up < +00. (3)

On the other hand, we note that Eqn.(2) can be written as

a a AsPs
1P1 i 2D2 NI p

=1. (4)
rT+pr xT+p T+ Ps

From the above discussion, we have



Theorem 2.5. The complete r-partite graph K, p, ... p. = Koy pr.asps,.asps O T VETTICES
is integral if and only if all the solutions of Eqn.(4) are integers. Moreover, there erist
integers uj,ug, - - ,us satisfying Ineqn.(3) such that the following linear equation system
on ap, g, -+ ,0g

aipi azp2 .. AsPs __
u1+p1 + u1+p2 + + u1+ps 1

.................. (5)

aipi azap2 . asPs
Us+Pp1 + Us+P2 + + Us+Ps 1

has positive integral solutions (ay,as, -+ ,as).

Theorem 2.6. The complete r-partite graph K, p, ... p. = Koy pr.aspe,.as-ps O T VETTICES
is integral if and only if there exist integers w; and positive integers p; (i = 1,2,--- ,s) such
that —ps < Us < —Ps1 < Us1 < -+ < —Pg < Uy < —p1 < Uy < 400 and

ap = H;:1 (pk ki UZ) ) (k = ]-7 27 ) ‘9) (6)
Dk Hi:l,i;ék(pk —pi)

are positive integers.

Proof. From Cauchy’s result on determinants in [2], we know that

Ctl"f’,ﬁl . a1‘+ﬁs B H1§i<j§5(05j . Oéi)(ﬁj . ﬂ»
1 1 ngz’,jgs(ai + 5))
as+p1 as+Bs

The determinant of the coefficient matrix D of the linear equation system (5) is the fol-
lowing;:

P1 ... _bs 1 - 1
u1+p1 U1 +Ps u1+p1 U1 +Ps
. . . _ s ) . .
|D| = : .. : = Hi:1 Di : :
_m .., _Ps_ 1 - 1
sus—l-pl Us+Ps Us+p1 Us+Ps
| | pi | | (uj — wi)(pj — pi)
=l 1<i<j<s 7& 0
[T wi+p)
1<i,5<s
p1 D2 . Pk—1 1 Dk+1 L. Ps—1 Ds
ui+p1  uitp2 Ul +Pr—1 U1 +Pr+1 U1+ps—1  UL+Ps
1Dy =] : . : : : . : :
p1 p2 . Pr—1 1 Pk+1 . Ps—1 Ps
Us+pP1 Us+P2 Us+Pr—1 Us+Pk+1 Us+Ps—1 Us+Ps

IT » II (- —p)

. i=1i£k  1<i<j<s
= lszkH+OO|D| = S )

H (ui + pj) H (P — pi)

1<i,j<s,j#k i=1i#k




for k=1,2,--- s.

By using the well-known Cramer’s Rule to solve the linear equation system (5) on ay, as,
-, ag, we obtain that

S
_ + U,
ak: H;—l(pk Z) 7 (k:1,2,"' ,8)
Dk Hz’:l,i;ﬁk (pr — pi)
Because —p, <ty < —po1 < Usq < -+ < =Py < Ugy < —p1 < uy < +00 and p; > 1 for

i=1,2,---,s, we can deduce that a >0 (k=1,2,---,s) and uy > 0.
The remaining part of the theorem can be easily proved from Lemma 2.1 and Theorems
2.4 and 2.5. u

Corollary 2.7. If the complete r-partite graph Ky, 1, ... p. = Koy pr.aspases asps O T VETtICES
is integral, then we have the following results.

(1) ar, >0 fork=1,2,--- s, and u; > 0.
(2) dimywi = i (@i — 1)p;.

(3) Ty wi = Tz (1 = 220, aa)-

(4) Spec(Kayprazpsasps) =

—DPs  Us  —Ps—1  Us—1 " —P2 Uz —P1 0 Uy
as—1 1 a9 —1 1 -+ apa—1 1 a—1 >0 jai(pi—1) 1 )°
Proof. It is easy to check the correctness from Corollary 2.3. |

The following lemma is due to a referee.

Lemma 2.8. Denote

Fap(z) == Z a;Pi

i=1 z+pi’

Pap() = ([ (@ +p))(1 = Fap(x)).
i=1
where vectors
a:= (a17a27 U 7as>7 ﬁ:: (pbp?v o Jps) €7’
Let q be a non-zero integer. Then w is an integral root of ®z.5(x) if and only if u/q is an
integral root of @z ().

Proof. It is easy to see that v is a root of ®;z(z) if and only if quv is a root of ®z ().
Therefore if all the roots of ®z;(x) are integers, then the roots of ®z ,5(x) are integers as
well.

Assume now that all roots of ®z,5(x) are integral and let v be one of them. Then
v/q is a rational root of ®zz(x). Since ®zz(z) is a monomial polynomial with integral
coefficients, its rational roots should be integers. Therefore v/q € Z. [ |

From the above lemma we can obtain the following result.



Theorem 2.9. For any positive integer q, the complete r-partite graph Ko, piq.aspaq, .
as-psg 18 Wntegral if and only if the complete r-partite graph Ky, p,. ... p. = Koy piaope, asps
15 integral.

Remark 2.10. The above Theorem 2.9 shows that it is reasonable to study Eqn.(2) only
when (p1,p2, -+ ,ps) = 1. Let’s call such a vector primitive. So, in general, the primitive
vectors are the only ones which are of interest.

3 Integral complete r-partite graphs

In this section, we shall construct infinite many new classes of integral complete r-partite
graphs Ky, p. = Koy pragps,.asps from Theorem 2.5 or 2.6. They are different from
those of [7, 8, 17].

The idea of constructing such integral graph is as follows: First, we properly choose
positive integers pi,pa,- - ,ps. Then, we try to find integers u; (1 = 1,2,--- ,s) satisfy-
ing Ineqn.(3) such that there are positive integral solutions (aj,as,--- ,as) for the linear
equation system (5) (or such that all a;’s of (6) are positive integers). Finally, we obtain
positive integers aj, as, - - - , as such that all the solutions of Eqn.(4) are integers. Thus, we
have constructed many new classes of integral graphs Ky, .p, a0-ps.- ,as-ps-

Example 3.1. Letpy = 1,po =9 and uy = —4. Ifu; = 72t —9 and t is a positive integer,
then Ky, po.o pr = Koy pr.asps 15 integral for infinite many positive integers ay, as given by

(7) and (8).
Proof. From Theorem 2.6, we have that

(prtw)(pr+up) § u
“= p1(p1 — p2) B 8( 1+ 1) (7)

" (o +m)(ps ) _ 3
P2 + ur)(p2 + Uz
ay = = —=(u1 +9 8
’ pa(p2 — p1) 72( 1 ) ®)
S0, Kay-p1,a0p, 15 integral if and only if a; and ay are positive integers. From (7) and (8),

we get the Diophantine equation

27&2 — 5(11 = 15. (9)

From elementary number theory knowledge, all the positive integral solutions of Eqn.(9)
are given by a; = 27t — 3, ao = 5t, and u; = 72t — 9, where ¢ is a positive integer.

Hence, Ky, pyps. pr = Kayp1.asps 15 integral for the above infinite many integers a; and
Q9. [ |

The following Lemma 3.2 can be found in [18].

Lemma 3.2. Let a,b and ¢ be integers with d = (a,b), we have



(1) If d fe, then the linear Diophantine equation in two variables
ar +by =c (10)
does not have integral solutions.

(2) If d|c, then there are infinite many integral solutions for Eqn.(10). Moreover, if x =
T,y = Yo 1s a particular solution of Eqn.(10), then all its solutions are given by

r=1x0+ (b/d)t, y=1yo— (a/d)t
where t is an integer.
Theorem 3.3. For s =2, let p1 < pa. Then Ky, .p, a0p, @5 integral if and only if one of the
following two conditions holds:

(1) When (m,k) =1, let py = m,ps = m+k, m>1,k>2 1<q <k, where m,k
and q are positive integers. Then, a1 and as must be positive integral solutions for the
Diophantine equation

a(m + k)as — m(k — q)ay = q(k — q). (11)

(2) When (m,k) =d > 2, let py = m,ps = m+k, m = mid, k = kid, (my,ky) = 1,
q=qd, 1 < q < ky, my, ky, where ¢ and d are positive integers. Then, a; and as
must be positive integral solutions for the Diophantine equation

@1 (my + k1)ag — mqy (k1 — q1)ar = q1(kv — ). (12)

Proof. Because p; < pg, from Theorem 2.6, we know K, ., a0, 15 integral if and only if
there exist integers uq,us and positive integers py, py satisfying —ps < us < —p1 < ug <

> .
+o0o such that a; and ay are positive integers, where ay = —=t®tu) g1 | — 1 2.
Pk Hi:1,i¢k(Pk*pi)

Hence, we choose p1 = m,po = m+k,us = —(m+gq), m>1,k>2 1< q <k, where
m, k and q are positive integers, and we have

qg(m + uyq) " _ (mEEk+u)(k—q)
mk 7 k(m + k)

a)p =

Hence, we get Eqn.(11). From Lemma 3.2, we know there are solutions for Eqn.(11) if and
only if di|q(k — q), where d; = (¢(m + k), m(k — q)).

Now, we discuss the following two cases.

Case 1. When (m, k) = 1, we have (m + k,m) = 1, and d;|q(k — q). Moreover, there
are solutions for Eqn.(11). From Lemma 3.2 and the condition (m, k) = 1, we know that
there are infinite many integral solutions for Eqn.(11). Therefore, there are infinite many
positive integral solutions (ay,ay) for Eqn.(11).

Case 2. When (m,k) = d > 2, let m = mqd, k = kid, (mq, k1) = 1, where my, k;
and d are positive integers. We have (my + ky,my) = 1, dy = (¢d(my + k1), mid(kid — q)).

7



If dilq(k — q) = q(kid — q), then d|q. Thus, let ¢ = ¢1d, 1 < ¢1 < ki, where ¢; is a
positive integer. We can reduce Eqn.(11) into Eqn.(12). Hence, from Lemma 3.2 and the
condition (my, k1) = 1, we know that there are infinite many integral solutions for Eqn.(12).
Therefore, there are infinite many positive integral solutions (ai, az) for Eqn.(12).

Thus, the theorem is proved. |

Example 3.4. (1) For s = 3, let p1 = 1,po = 5,p3 = Quy = =3 and uz = —7. If
uy = 120t — 105, t is a positive integer, then Ky, p, ... p. = Ko\ pr.aspo.asps @5 integral for
infinite many positive integers aq, as and as.

(2) For any positive integer q, if s = 3, let p;, = p;q and u; = w;q for i = 1,2,3, where p;,
u; and a; (i = 1,2,3) are the same as those of (1) in Example 3.4, then Ko,y ayph.asp,
= Ko, prg,a0-pagas-psq 15 ntegral, too.

Proof. (1). From Theorem 2.6, we have that

a; = %(ul +1), (13)

= L 5 14

as = %(Ul +5), (14)
1

as = ﬂ(ul +9). (15)

S0, Ko, p1.as-paasps 15 integral if and only if a;, as and as are positive integers. By (14) and
(15), we get the Diophantine equation

6@3 — 5&2 =1. (16)

From elementary number theory knowledge, all the positive integral solutions of Eqn.(16)
are given by ay = 6t — 5, a3 = 5t — 4, where ¢ is a positive integer, from (13) and (14), we
have u; = 120t — 105, ay = 45t — 39, where t is a positive integer.

Hence, when p; = 1,p, = 5,p3 = 9,a1 = 45t — 39, ay = 6t — 5, a3 = 5t — 4, where t is a
positive integer, Kp, p,. p. = Koy p1,as-po.asps 15 integral.

(2). From Theorem 2.9 and (1) of Example 3.4, it is easy to prove Ky , .. =
Koy ) aspyasvy, = Karpigazpagaspsq 18 integral, too. u

Example 3.5. (1) ( see [17]) For s = 3, let py = 4u*(u* + v?)?, py = 3u*v?(u? + 6uv +
V) (—u? + 6uv — v?), p3 = dv(u? + v?)® such that (3 — V8v < u < v, and let
uy = 24uv? (U +0?)?, ug = —2uv(u? +0v%)?(—u® 4 6uv —v?), uz = —2uv(u?+v?)*(u?+
6uv + v?) such that u,v are positive integers. Then Ky, py.. p = Kaypr.aspoasps 05
integral for ay = ays = ag = 1.

(2) For any positive integer q, if s = 3, let p1,pe and ps be the same as those of (1) in
Ezample 3.5, then K, .piq.a0-pag.aspsq = Kpigpegpsg 45 integral, too.



Proof. (1). The condition 0 < (3 — /8)v < u < v, ensures —u? + 6uv — v > 0,
p3—py = v3(Tu? + v?)(—u? — 3uv + 20%)(—u? + 3uv + 20?)
= 02 (Tu? + v?)[(u + 2v) (v — u) + 20?|[u(3v — u) + 2v?] > 0,

p2—p1 = —u?(u? + T0?)(2u? — 3uv — v?)(2u* + 3uv — v?)
= —u?(u? 4+ T0?)[(2u + v)(u — v) — 2uv](2u® + 3uv — v?) > 0,
ps—p1 = —4(u—v)(u+v)(u®+0v?)> >0,

p1+us = 2u(u—0v)(2u® + 3uv — v?)(u? +0v?)* <0,
Uy +py = uwv(u? — 3uv — 20%)(2u? — 3uv — v?)(u? — 6uv + v?) > 0,
p2—uz = uwv(u? + 3uv — 20?)(2u? — 3uv — v*)(u? + 6uv + v?) > 0,
us +p3 = 2v(u+ v)(u? + v*)*(—u? — 3uv + 20?%) > 0,
pr+u = 4w (u? 4 0?)?(u? 4 To?),
p1+uy = 2u(u —v)(2u? + 3uv — v?)(u? + v?
p1+uz = 2u(u+v)(2u* — 3uv — v?)(u? + v?
P2+ u = 3u?(Tu? + v?)(u? + Tv?),
P2+ uy = uv(u? — 3uv — 20%)(2u? + 3uv — v?)(u? — 6uv + v?),
p2 +uz = —uv(u® + 3uv — 20?)(2u? — 3uv — v?)(u? + 6uv + v?),
p3+up = 4% (u? + v?)%(Tu? + v?),
p3+uy = 2v(u—v)(u? — 3uv — 20%)(u? + v?)?,
p3+us = 2v(u+v)(—u? — 3uv + 20%)(u? + v?)?,
Hence, we get that —p3 < ug < —ps < us < —p1 < u; < 400, and

_ H?:l(pk + u;)
Q. — 3
Dk Hi:l,i;ﬁk(pk — pi)

)2,
)2

Y

=1,(k=1,2,3).

From Theorem 2.6, we know that K, .5, a5 -ps, as-ps=Kp1,paps 15 iNtegral.
(2). From Theorem 2.9 and (1) of Example 3.5, it is easy to prove that Ko, .piq. as-psq.
aspsq = Kpigpaqpsq 15 integral, too. |

Theorem 3.6. For s = 3, let ¢ be any positive integer, and let p; (i = 1,2,3) be positive
integers in the following Table 1, a1 = as = a3 = 1, and u; (i = 1,2, 3) be those of Theorem
2.6. Then Kq\ piq.aspogaspsg = Kprgpagpsq 15 integral.

Proof. It is easy to check the correctness by making use Theorems 2.4, 2.5 or 2.6 and 2.9.
|

Remark 3.7. An infinite family of integral complete tripartite graphs K,, p,p, was con-
structed in [17]. In Table 1, by using a computer, we have found 34 solutions (p1, pa, p3),
where s = 3 and p; < pz < p3, 1 < p1 <50, p1+1 < py < p1+50, and pa+1 < p3 < pa+100.
We shall construct infinite many classes of such integral graphs from Theorems 2.4, 2.5,
2.6 and 2.9. They are different from those in existing literature (see [7, 8, 17] ). We
believe that it is useful for constructing other integral complete tripartite graphs. When
s =3, p < py <p3ganda; = ay = az = 1. For any positive integer q, the complete
tripartite graph Ksggq.124 45 integral and

—10q —6q 0 16¢q
SpeC(K5q,8q,12q) = < 1 1 25(] -3 1 ) :



P1 | P2 | D3 Up | Uz | Uz || P1 | P2 | D3 Uy | Uz Uus
317|165 |39 | -5 |-34| 4 |13] 48 | 32 | -6 | -26
518 |12 |16 | -6 |-10| 5 (12| 77 | 40 | -7 | -33
6 |34 (130 78 |-10 |-68 | 7 |13 | 45 | 35 | -9 | -26
8 126 96 | 64 |-12|-52 | 9 | 25| 91 | 63 |-13 | -50
1016 ] 24 | 32 |-12 |-20 || 12 | 17| 56 | 48 | -14 | -34
1225 88 | 66 |-16 | -50 || 13|24 | 28 | 42 | -16 | -26
14126 90 | 70 |-18 |-52 || 15|24 | 36 | 48 | -18 | -30
151371133 95 |-21 |-T4 |16 |37 | 132 | 96 | -22 | -T4
171331 35 | b5 [-21 |-34 20|32 | 48 | 64 | -24 | -40
21139 | 135|105 | -27 | -78 || 24 | 34 | 112 | 96 | -28 | -68
24 |41 | 140 | 112 | -30 | -82 | 25 | 40 | 60 | 80 |-30 | -50
26 |48 | 56 | 84 |-32 |-52 (29|36 | 8 | 90 |-32 | -58
29139 77 | 91 |-33|-581 30|48 | 72 | 96 |-36| -60
34166 70 | 110 | -42 | -68 | 35|56 | 84 | 112 | -42 | -70
37163 | 8 | 119 | -45 | -74 | 39 | 72 | 84 | 126 | -48 | -78
40 | 64 | 96 | 128 | -48 | -80 || 41 | 60 | 104 | 130 | -48 | -82
45 | 72 | 108 | 144 | -54 | -90 || 50 | 80 | 120 | 160 | -60 | -100

Table 1: Integral complete tripartite graph K g p,q.psq, Where g is a positive integer.

If g=1,1et s =3, p1 < ps < p3 and a; = a; = a3 = 1, we know that the complete
tripartite graph K512 is an integral one, the order of which is 25, which is much smaller
than those given in [7, 8, 17].

Remark 3.8. Theorem 3.6 generates an infinite set of vectors p = (p1,pa,p3) for which
(2) has integral solutions only. But there is only finite number of primitive vectors in this
infinite set (in general, the primitive vectors are the only ones which are of interest). The
infinite series built in [17] gives an infinite series of the primitive solutions. Thus Theorem
3.6 is much weaker than the result of [17]. However, by analyzing Table 1 one can see that
all its rows except the row p = (5,13,77) have the following property: us/p; = —2 for a
suitable i € {1,2,3}. This observation gives a hint to a new infinite series of primitive
triples p, see the following, which is due to a referee.

Let ug < ug < uy be the roots of F(z) = Fz(x) = 0. Set vz := —ug, vy 1= —ug, v1 1= uy.
Then v;’s are positive integers which satisfy the following conditions:

V1 = Uy + Vs,
v3 + Va3 + U3 = P12 + P1Ps + Paps, (17)
(v + v3)vaU3 = 2p1Paps.

Let’s look for solutions of (17) such that v = 2p; for some i=1,2,3. Forgetting about

10



ordering of p;’s we may assume that v = 2p3. Then (17) is equivalent to the following

D1+ p2 = 2v3,

18
p1p2 = (V2 + v3)va. (18)

These equations have an integral solutions for p;, py if and only if vZ — (vy + v3)vy is a
perfect square, say m?. Then p; = v3 —m, py = v3 +m, p3 = v3/2.

v3 — (Vg + v3)vy = M? =

v v
<:>x::—3, y::—Q, P —ry—yt =1
m m
?+1
=S r=, =tx—-1), te

We may assume that m > 0. It follows from p; = m(x — 1) > 0 and vy > 0 that > 1
and t > 0. The first inequality is equivalent to

2—t V5 V5

-1 —v/5 -1
— >0« ——=0618.. <t<2o0rt < ——— = —1.618..
t24+t—1 2 2

Thus p1 = v3—m = m(x—1), po = v3+m = m(x+1), p3 = v3/2 = max/2 are non-negative.
Write t = a/b where (a,b) =1 and a > 0, b > 0 we obtain
V3 CL2 + b2 (%) 2ab — b2
m 2tab—b2 m U atab— b

After some routine transformations we obtain

2b(2b — a) 2a(2a +b) a* + b
1=~ P2=— > P3= )
d ’ d ’ d ’ (19)
. 20(b + 2a) . — ~ 2a(2b - a) o 2(a*+1?)
1 — d ) 2 — d ) 3 — d

where d := (2b(2b — a), 2a(2a
—2.b

+b),a? + b?). Note that d € {1,2,5,10}.
Take for example a =

3. Then d =1 and
p1=24, py =28, p3=13, w3 =42, uy=—-16, uz= —20.

This is one of the triple given Table 1. All triple given in this table except (5,12, 77) may
be obtained from (19).

Note that the above numbering of p;’s may not coincide with one fixed before.

Hence, we obtain the following result.

Theorem 3.9. For s = 3, let q be any positive integer, and let p; and u;(i = 1,2,3) be
positive integers in the above formulae (19), a1 = ay = ag = 1. Then Ku, piq.a0poq.aspsg =
Ky q.psq.psq 15 integral.

11



Example 3.10. For any positive integer q, if s = 3, let py = q, po = 3q, p3 = 5q, us =
—2q, uz = —4q, then there do not exist positive integers ay,as,as such that K, p, .., =
Ko\ p1.a0-pa,as-ps 15 1ntegral.

Proof. When s = 3, p1 = q, po = 3q, p3 = 5q, us = —2q, uz3 = —4q. Suppose that we can
construct integral graphs Ko, .p, ag-ps,as-ps- From Theorem 2.6, we know that K, .p, as-pe,as-ps
is integral if and only if there exist integers u; and positive integers p; (i = 1,2, 3) satisfying

3 :
—p3 < uz < —pg < Uy < —py < up < +0oo such that a, = o ll[%:ltiatlm) (k=1,2,3)are

positive integers.
Hence, we obtain

a = %(ul ), (20)
1
az = 1—2(](7«61 +39), (21)
3
as = 4—0q(U1 + 59). (22)
By (21) and (22), we have
20a3 — 18ay = 3. (23)

From Lemma 3.2, we know that there are no integral solutions for Eqn.(23).
Hence, we can’t construct integral graphs Ko, .p, as-ps.as-ps- |

Theorem 3.11. For the complete r-partite graph Ky, py.... p. = Kaypi.as-pa, asps O T VET-
tices, let m, s and q be positive integers, and s > 3, then we have

(1) If p =m+2(i—1) fori=1,2,--- s, then there are no integers a; (i = 1,2,--+ )

such that Kq, .p, a-po. asps 15 an integral graph.

(2) Ifp; = pig = [m+2(i—1)]q fori = 1,2, |5, letuj = —(m+2j—=3)q forj = 2,3,--- s,
then there are no integers a; (i = 1,2, ,s) such that Ky, .y o), ... atp, @5 an integral
h S S
graph.

Proof. (1). Suppose that we can construct an integral graph Ko, . appo,asps- FrOm
Theorem 2.6, we know that K, .p, ag-ps,.a.-ps 15 integral if and only if there exist integers

u; and positive integers p; (1 = 1,2,--- ,s) satisfying —ps < us < —ps_1 < g1 < -++ <
up < —p; < w3 < oo such that all ay (k = 1,2,---,s) are positive integers, where
a = - r%f;fi’;;;?zpi) for k=1,2,---,s. Hence, we can only choose
UJ:_<m+2j_3)7 j:2737"'78'
We obtain 0 4 05 _ 5\
g, = Tt 24t w) @5 (24)
2(m+2s—4) - (2s — )
25 — 2 - (25 — 3)!

(m+2s—2)-(2s=2)11 ~

12



From (24) and (25), we have
(m+2s—2)-(2s—2)!1-as—2(m+2s—4)(2s —3) - (2s —4)!l - a5_; =2 (25 — 3)!l. (26)

Since s > 3, let d = (m+2s —2+uy) - (25 — 2)I1,2(m + 25 — 4)(2s — 3) - (25 — 4)!!), then
d=2-2s—YN-(m+2s—24u)(s—1),(m+2s—4)(2s — 3)). Thus, d f[2- (25— 3)!].
From Lemma 3.2, we know that there are no integral solutions (as_1, as) for Eqn.(26).
Hence, Kq,.p, aspo,.as-ps CAN'E be an integral graph.
(2). Suppose that we can construct an integral graph K,
2.6, we similarly obtain

P, q,ayplyal,p,- From Theorem
, lg(m + 25 — 4) +uf] - (25 — 5)!!
o 2g(m+25—4)-(2s—4)1
;o lglm+2s —2) + )] - (25 — 3)!!

e = glm+2s—2)-(2s =2)Il (28)

From (27) and (28), we have
(m+2s—2)-(2s =21 al, —2(m+2s—4)(2s —3) - (2s — ! -a._, =2 (25 — 3)!1. (29)

From Lemma 3.2, we know that there are no integral solutions (a’,_,, a’) for Eqn.(29).

Hence, Ko/ .1 g.aph, - afp, Can't be an integral graph. |

4 Further discussion

In this paper, we have mainly investigated integral complete r-partite graph K, p,. .. p, =
Ko\ p1, azpo,, asp, 00 1 vertices. When s = 1,2, 3, some results of such integral graphs can
be found in [7, 8, 17] and the present paper. When s > 4, we have not found such integral
graphs. We tried to get some general results. Thus, we raise the following questions for

further study.

Question 4.1. Are there any integral complete r-partite graphs Ky, ... p, = Kaypr, . agps
with arbitrarily large s?

For complete r-partite graphs K, p, ... p,=Ka,pr.asps, -, aspss When s = 1,2.3, let
a;=ay = --- = a5 = 1, some results of such integral graphs can be found in [7, 8, 17] and
the present paper. However, when s > 4, a; = as = --- = a; = 1, we have not found such

integral graphs. Hence, we have

Question 4.2. Are there any integral complete r-partite graphs K,
with a;=ay = -+ =as =1 when s > 47

Leepe = Karpr, ) agps

For complete r-partite graphs K, ,, . p. = Koy p1.ao-pa, asps: WE give a sufficient and
necessary condition for K, p, ... p, = Kaipr.asps, asp. t0 be integral. In particular, when
s = 1,2, we got all parameter solutions for Ky, ., a,.p, t0 be integral graphs in [7, 8] and
the present paper. When s > 3, we haven’t got such general good results. Hence, we have

Question 4.3. When s = 3,4,5,---, can we give a better sufficient and necessary condition
for Ka, p1.as-ps, asps t0 be integral ¢

13
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