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ASYMPTOTIC ANALYSIS OF k-NONCROSSING MATCHINGS

EMMA Y. JIN, CHRISTIAN M. REIDYS * AND RITA R. WANG

ABSTRACT. In this paper we study k-noncrossing matchings. A k-noncrossing matching is a
labeled graph with vertex set {1,...,2n} arranged in increasing order in a horizontal line and
vertex-degree 1. The n arcs are drawn in the upper halfplane subject to the condition that there
exist no k arcs that mutually intersect. We derive: (a) for arbitrary k, an asymptotic approxima-
tion of the exponential generating function of k-noncrossing matchings Fj(z). (b) the asymptotic
formula for the number of k-noncrossing matchings fx(n) ~ ck n— (=12 +(k=1)/2) (2(k —1))2n

for some ci > 0.

1. STATEMENT OF RESULTS AND BACKGROUND

Let Fy(z) denote the exponential generating function of k-noncrossing matchings, i.e.

(L.1) Fz) = 3 fuln) (;n")! .

n>0

In this paper we prove the following two theorems:

Theorem 1. Then we have for arbitrary k € N, k > 2, arg(z) # £73

k—1 = 022\ b1 A
(1.2) Fr(z) = H Ni+1- 5) H r! <7> (=)= (1+ O(|z|_1)) .
=1 r=1
Theorem 2. For arbitrary k € N, k > 2 we have
(1.3) fr(n) ~ e (=D +(k=1)/2) (2(k — 1))*", for some ¢, >0 .
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Here we use the notation f(z) = O(g(z)) and f(z) = o(g(z)) for |f(2)|/|g(z)| being bounded and
tending to zero, for |z| — oo, respectively.

A k-noncrossing matching is a labeled graph over the vertices 1,...,2n, of degree exactly 1 and
drawn in increasing order in a horizontal line. The arcs are drawn in the upper halfplane subject
to the condition that there are no k arcs that mutually intersect. Grabiner and Magyar proved an

i 2 3 4 5 6 i 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8 9 10 i 2 3 4 5 6 7 8 9 10 11 12

FIGURE 1. k-noncrossing matchings: 3-, 4-, 5- and 6-noncrossing matchings respec-

tively. One of the £ — 1 mutually crossing arcs are drawn in red.

explicit determinant formula, [7] (see also [2], eq. (9)) which expresses the exponential generating
function of f(n), for fixed k, as a (k — 1) x (k — 1) determinant

2n
(14) Z fk = det[[i_]‘ (2Z) — Ii+j (2Z)] 1]ij_:11 5

n>0

where I,,,(2z) is the hyperbolic Bessel function:

0 Lm+2j
(1.5) 1,(22) = 2 m
Chen et.al. proved in [2] a beautiful correspondence between k-noncrossing matchings and oscillat-
ing tableaux. The particular RSK-insertion used in [2] is based on an idea of Stanley. Our second
result is related to a theorem of Regev [10] for the coefficient uy(n) of Gessel’s generating function
5]

Ur(z) = det(L;—;(22))7 j—1 -

Regev shows

k—1 (k—1)2/2 n
(1.6) wp(n) ~ 120k — 1)1 1 ek
\/ﬂ 2 n(k?=1)/2
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The proof is obtained employing the RSK-algorithm and using the hook-length formula. One
arrives, taking the limit n — oo, at a k-dimensional Selberg-integral, which can be explicitely
computed. We shall use a different strategy. One key element in our approach is the following

approximation of the Bessel-function, valid for —7 < arg(z) < % [I]

¢ (s~ T
(1.7) In(2) = <Z hIgh H(4m2—(2t—1)2)2_h+0(|2|_H_1)> :
' t=1

2mz P

In this paper we will show that, using the approximation of eq. (7)), the determinant of Bessel-
functions of eq. (L4) can be computed asymptotically for arbitrary k. The computation of the
determinant via the algorithm given in Section [2is the key ingredient for all our results.

2. ProoF oF THEOREM [I]

Suppose we are given a polynomial

(2.1) galzy) = Y Cla,b)a®y™,

0<a+b<n

where for a+b = n, C(a,b) > 0 holds. In the following a, b always denote integers greater or equal

to zero. We set
(2.2) 2N =(2-2")(z+7).
Lemma 1. Suppose n > 0, then we have

(yAz) S E(a,bz)z?y® n>1
(2.3) Gn(2,y) — gn(, 2) = a+b<n—1
0 n=~0

where E(a,b,z) = C(a,b+1) for a+b=n—1. Furthermore
(2.4)
(zz1)(yLy) Y Dl(abar,y)a*y* n>2

Gn (T, Y)=gn (T, y1) —gn(T1, )+ gn(T1,91) = a+b<n—2
0 n=20,1

where D(a,b,z1,y1) =Cla+1,b+1) fora+b=n—2.
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Proof. For n =0, we immediately obtain go(z,y) — go(x, 2) = 0. In case of n > 1 we compute

In(T,y) — gn(z, 2) = (yAz) Z C(a,b) x [Z y2m 20— 2m‘|

a+b<n,b>0

= (yAz) Z E(a,b, z) x*%y 2,
a+b<n-—1

In particular, for a +b = n — 1, we observe E(a,b,z) = C(a,b+ 1). As for eq. (24]) we compute
incase of n =0or 1, 9, (x,z1,9,91) = gn(x,y) — gn(T, 1) — gn(x1,9) + gn(x1,91) = 0. For n > 2
we compute

Du(wmyy) = (@Am)yAy) Y. Chlad) [Zx%?**m] [Zym 22 27”]

a+b<n,ab>0

= (zlz1)(ylAyr) Z D(a,b,z1,y1)x 2a 2b

a+b<n—2
In particular, for a + b =n — 2, D(a,b,x1,y1) = C(a+ 1,0+ 1) holds. O
Let
N
(2.5) e j(z) = th(z,]) T6hhL ©
h>0
h h
(2.6) maling) = [J@G—3)? - 2t —1)2) = [J@G+ ) — (2 - 1)?) .
t=1 t=1

We consider the algorithm A, specified in Figure 2] which manipulates the matrix of Laurent series
M = (i j(2))i<ij<k—1.- Let e} ;(z) denote the matrix coefficient after running A exactly ¢ steps.
We set

D"
(2.7) th (i,7) 16hh'
h>0

and proceed by analyzing the terms m}, (i, j) for 1 <t <k — 1.

Lemma 2. For any positive integer t strictly smaller than k — 1 and we have m} (i, j) = m} (j,1)
the following two assertions hold.
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The algorithm A:
begin
M = [eq(2)]5 7205
for ¢t from 1 to k — 1 do
for i fromt+1to k—1do

for j from 1 to £ — 1 do

eh5(2) = ~HER e () + ens )
eij(z) =€ ;(2);
end;

end;

for j fromt+1tok —1do

for i from 1 to k—1 do

e (z) = 2l=a2r) [Ty GAr) eit(2) +ei;(2);

i (2t—1)!
€ij(2) == e} ;(2);
end;

end;
end;

output M;

end;

FIGURE 2.
(a) fori <t < j, we have
t
(2.8) mh(i,j) = —@i-1D5 [[oar) Y. EBilabi)i*®
r=1 a+b<h—(t+1i)
(2.9) h<t+i = mh(i,j)=0

(2.10) a+b=h—(t+i) = FE}(a,bi)=Chula+i—1,b+1)>0.

Furthermore (a) implies the case j <t < i.
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(b) fori,5 > t, we have

t t

(2.11) my(i,5) = —ij [JGar) [[Gar) > Di(a,b)i*
r=1 r=1 a+b<h—(2t+1)

(2.12) h<2t+1 = m}(i,j)=0

(213) a+b=h—-(2t+1) = Dj(a,b)=Chla+t,b+t)>0.

Proof. We shall prove (a) and (b) by induction on 1 < ¢ < k — 1. We first observe that, in view of

eq. (2.9

thl
o h—r\(h—p—r1\, . . 98
mi=-2% X (")) arr e o
(214) s=0 p+q+r+2s+1=h p q
=—ij Y Cu(a,b)i>j*,

a+b<h—1
where a; € {—12,...,—(2h — 1)?}, i # j, a; # aj and Cy(a,b) > 0 for a +b = h — 1. Furthermore
by definition my (i, 5) = mp(j,4). For i = 1,5 > 1, only the j-loop is executed, whence
(2.15) my (i, 57) = ma(i, j) — jma(i, 1)

and for mp(j,4) only the i-loop contributes
Consequently
mi(i,j) =—ij | Y. Cu(a,0)i*j* — Y Ch(a,b)i*
a+b<h—1 a+b<h—1

Employing Lemma [I] we obtain

mi(i,§) = —ij (GO1) Y Ep(a,b,1)i%5%
a+b<h—2

Furthermore
a+b=h—-2 = Fj(a,b1)=Ch(a,b+1)>0
h=1 = mp(i,j)=0.

Thus for ¢ = 1, the induction basis for (a) holds. We proceed by proving that for t = 1 (b) holds.
For i > 1, j > 1 both i- and j-loop are executed

(216) mflz(lv.]) = mh(ivj) - imh(lvj) _jmh(ia 1) + ijmh(la 1)
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from which immediately m}, (i, j) = m;} (j,4) follows. We compute

mi(i, ) = —ij [ Y. Cu(a,b)i*®— > Ci(a,0)j*

a+b<h—1 a+b<h—1

—ij | = > Cu(a,b)i**+ > Cula,b)
a+b<h—1 a+b<h—1
= —i(iA1)j(AL) Z D} (a,b)i?*§2 .
a+b<h—3

Lemma [ implies for a + b = h — 3, D} (a,b) = Cp(a + 1,b+ 1) and for h < 3, m}(i,j) = 0.
Accordingly we eststablished the induction basis for assertions (a), (b) and m} (i,j) = m},(j,1).

As for the induction step, we first prove (a). Let us suppose (a) holds for ¢ = n. We consider
the case ¢ = n + 1 by distinguishing subsequent two cases: (1) ¢ = n+ 1,7 > n+ 1 and (2)
1 < mn,j =n+ 1. First we observe that since i« < n + 2 the algorithm executes no i-loop and by

n+1(

construction the only contribution to m i,7) is made by the term

I TN GAr)

(2TL+1)' mh(lan+ )

We accordingly derive

i1y GAT)

n+1(
(2n+1)!

i,j) = my(i,j) — my, (i,n +1)

The induction hypothesis on t = n shows m}(,5) = mj(j,7) and m}(i,n + 1) = mj(n + 1,4).

Therefore we arrive at m"+1 (i,7) = "+1(]7 /).

(1)i=n+1,7 > n+ 1, the induction hypothesis guarantees

mZ(’Lv]) = —ij ﬁ(ZAT ﬁ ]Ar Z Dn(a b) 2a :2b
r=1 r=1

a+b<h—(2n+1)

mi(i,n+1) = —i(n+1) H (iAr) H n+1)Ar) Z DY (a,b)i®*(n + 1)%
r=1 r=1 a+b<h—(2n+1)
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Since (n+1) [T'_,((n 4+ 1)Ar) = (2n + 1)! we arrive at
mptii, ) = —ij [JGar) H JAT) x
r=1 r=1

> Dp(a,b)i*i® — Y Dia,b)i*(n+1)%

a+b<h—(2n41) a+b<h—(2n+1)

According to Lemmal[I, for h = 2n + 1, we have m} "' (n + 1,5) = 0 and for h > 2n + 2 we obtain

n+1

217) mT (n+1,5) = —@En+ D5 [JGAr) D Epti(abn+1)(n+ 1)
r=1 a+b<h—(2n+2)

For a +b=h — (2n + 2), we have

(2.18) Erta,byn+1) = Di(a,b+1) = Chla+n,b+n+1) >0 .

(2) i <mand j >n+ 1, using the induction hypothesis, we derive

i1y GAT)

n+1(
(2n+1)!

i) = mp(i,j) - my,(i,n +1)

Z El(a,b,i)i?*j? — Z El(a,b,1)i%"(n +1)%

a+b<h—(n+1) a+b<h—(n+1)
Lemma [l implies
n+1
mpti,g) = —@2i— 1 [[Gar) > Er Y (a,b,4)i%5%.

a+b<h—(n+1+i)

For h < n+ i, we observe m}*'(i,j) = 0 and for a + b= h — (n + 1 +1),

(2.19) EP Y (a,b,i) = Ej(a,b+1,i) =Ch(a+i—1,b+n+1)>0.

Accordingly, we have proved

n+1
(220) Vi<n+1<j; mpti(i,g)=—-2i—1) [[GAr) > ErtY(a,b,i)i% 5%
r=1 a+b<h—(n+1+1)
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Furthermore

(2.21) atb=h—(n+1+i) = Era,bi)=Chla+i—1,b+n-+1)>0
(2.22) h<n+l+i = mit(i,j)=0.
Whence assertion (a) holds by induction for any 1 < ¢ < k — 1. We next suppose assertion (b) is

true for ¢ = n and consider the case t = n+ 1, ie., ¢ >n+ 1 and j > n + 1. First the i-loop is

executed and produces

i H::1 (iAr)

Secondly the j-loop yields
A
(2.23) mit (i) = (i) — %mﬁ“(z n+1).

We accordingly compute
mpti, ) = my(i,g) - Tj—l)!mh(n—i— 1,7)
i[]r_,(iAr)

_jlgrgir(jﬁr) <m;;(i,n+ 1) — “on DT mp(n+1,n+ 1)>

from which we immediately observe that m}!(i, j) = m} ™ (j, i) holds. Furthermore
mptti,5) = —i lH zAr] lH ]Ar] X
r=1 =1
Z ( )( 2a -2b (n + 1)2aj2b _ i2“(n + 1)21) + (7’L+ 1)2a(n + 1)2b)
a+b<h—(2n+1)
n+1 n+1
= —i [H(mr)] j [H(jAr)] > D (a, b)i? 5%,

r=1 r=1 a+b<h—(2(n+1)+1)

In particular,

at+b=h—(2n+1)+1) = D' (a,b)=Dj(a+1,b+1)=Cpla+n+1,b+n+1)>0
h=2n+lorh=2n+2 = mZJrl(,'):()_

Thus m}' (4, j) satisfies (b) for any 1 <¢ < k — 1. O
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We proceed by analyzing the Laurent series

(2.24) a; ;(z Zm l)h 2z P

h>0

Lemma 3.
' (j+1— )

a; (2 = —1)H7
(2.25) (%) (=1 NG

A+ O(= )

Proof. We shall prove the lemma distinguishing the cases ¢ < j and ¢ = j. The former implies by
symmetry the case ¢ > j. Suppose first ¢ < j. By construction of A, we have

(2.26) my =2 (6, 5) = my ' (0, )

since after the (j — 1)th step, m{fl(i, Jj) remains unchanged. Consequently we can write a; j(z) as

_1\h
(2.27) aij(z)= Y, (6,};“ i, ) 2T+ Z 6hh' m) (i, ) 2"

0<h<itj—1 i+j—1<h

We consider the terms m;;l(i,j) for 0 <h <j+1i—1. According to Lemma 2]

j—1
my,~(i,4) = = (2i = 1) [JGan) Y. EMabi)it®
r=1 0<a+b<h—(j—1+i)
holds. In particular,
(2.28) h<j—1+i = m) '(i,7)=0.

Accordingly, the only nonzero coefficient of ZO<h<z+] 1 (16,11)}1, mh (i, j)z " hasindex h = j—1+i
in which case

a+b=0 and EJ"} (0,0,i)=Cj14i(i—1,5—1)

holds, i.e.

—1)itiC. (3 —1.79— i — 1)1(2; — 1)! . .
220)  ayyle) = SOl L 2 A DI D00 (14 0

Secondly suppose i = j. Then, by definition of A, the Laurent series a; ;(z) is obtained for ¢t = i—1,

i.e. we have

_1\h
(2.30) a;i(z) = Z (6’})h' i) 2T Z th' i) 2T

0<h<2i—1 2i—1<h




ASYMPTOTIC ANALYSIS OF k-NONCROSSING MATCHINGS

Lemma 2] (b) implies

mi= (i, i) = —((2i — 1)!)? > Di7Y(a,b) %%
0<a+b<h—(2i—1)

e DL |

In particular for h < 2i — 1 we have mj ' (i,i) = 0, thus for > 0<h<2i-1 % mj ' (i,i) 2" only

the index h = 27 — 1 has a nonzero coefficient in which case
a=b=0 and D' (0,0)=Co_1(i —1,i—1)
holds. We therefore derive

(—1)%((2i — 1))2Co_1 (i — 1,i — 1)
162-1(2i — 1)

(2.31) a;q(z) = 2N+ 0(27).

Thus we have proved that we have for i < j

R RVESTeR (7 — - i — 1)1(2: — 1)! . .
232 aiyle) = SOl T 2 DA DB U614 (1)

Claim 1.

o JT@2i+2j—1) 0
2.33 Cingi(i— 1,5 —1) = T2t T2 — ) g
(2.33) il = LI =D = T
According to eq. (214)

ma(i,5) = —ij Y, Cula,b)i*j*
0<a+b<h—1

from which we can conclude for a + b= h — 1 and [,,, = min{a, b}

1
— h h—CL+S a—s Ab—sg2s
Oh(a,b)—z<a_8>< b >4 gb=sg2stly

s=0
1
~ h h—a-+s
g+l 45
; a—Ss 2s +1

: . Jr2i+2j—1) .,
2.34 ai(i—1,7—-1)="1 4I+i

Therefore

and Claim 1 follows. Since det [a”(z)]f;:ll is symmetric, we arrive at

oy — (o i1 200G +i—3)
i.5(2) = (=1) —

for any 1 <4,j <k —1 and the lemma follows.

2 UH (L4 0(l2[ )

11
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Proof of Theorem [Il
Let
(2.35) bij(2) = (—1)"7 7 2) —(j+i=1)

According to Lemma Bl we have a; ;(z) = b; ;(2) [1 + O(]z|71)] and we immediately obtain

|
— A

k

detla;; ()2, = Y sign(o) [] [biow(2) [1+0(217H)]]

cESL_1 1

<.
Il

where Si_1 denotes the symmetric group over k — 1 letters. Furthermore we observe

k—1
det[b ; (2)]F 724 > sign(o) [] boi (2)
j=1

k—1
(0) (—1) 4= o) (i) y

= Z sign
cESK_1 ﬁ
k=1, . kol 1
2~ =1 (o) —=1) H L+ o) — 5)
j=1
Since 25;11 (j+0(j)) = k(k — 1) we arrive at
9 \ k1 ) L
k— —(k— . .
b @llt = (Jz) = aelrGiog)]
and consequently
detla;;(2)]f;2, = ) sign(o H [14+0(]z2|™)]]
0cESKL_1 Jj=1

k—1
= det[['(j+1i— %)]f;il (%) Z—(k—1)2(1 +0(z]™Y) .

We proceed by computing the determinant
(2.36) det[l"(j—i—z—— ”1 HI‘@+1—— Hr'.

SinceI'(i +j+1—-1/2)=(i+5—1/2)T(i + 5 — 1/2), we have for j > 1
j—1

I‘(H—j—%):H(i+r—%)1“(i+1—%).
r=1
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We set
j—1
[HG+r—35) 7>1
Ui, j r=1
ji=1
and compute
1 k—1 k—1
det[T(j +i — 5)]i51 = HF@+1——)det[u”]” 1_HI‘2+1——)det[3 hh1.
=1

The determinant det[i’ _1]5;-:11 is a Vandermonde determinant, whence

det i~ 1]fj 1= Z (ig — 1) H rl.

1<y <ia<k—1

Therefore we have shown

k—1
(2.37) det[a; j(2)]F i L= [Hl" z—f—l—— HT'] (—) z_(k_l)2(1+0(|z|_1)).

It remains to combine our findings: the approximation of the Bessel function eq. (7)) and eq. (2-6)
imply for —F < arg(z) < §

2z

e H (_1)h
fi @) = ha22) = 5 <Z mn(i, ) Ty 2 o(lzl‘H‘1)> .
h=1 :

Let

-
(2.38) th i,7) 16hh'

then we have

622 k=1 _
(2.39)  Fi(z) = det[l_;(22) — iy (22)]151, = (2—\/ﬁ> [det [ef5]7 2+ O(121777Y)].

Lemma 2l and Lemma [B] provide an interpretation of det[e%(z)]ﬁ}ilz for

(2.40) H > (k—1)?
we can conclude
detle/l; (2))1772, = det[b; ;(2)]5 52, [1+0(|2[7M)] -

Accordingly we derive

e2z k-1
R = (5om)  detbillih 140047



14 EMMA Y. JIN, CHRISTIAN M. REIDYS * AND RITA R. WANG

Since

L

k—1
2
det[b; ;(2)]F71, = <—) 2D qet[D(j + i — S0

7,j=1 ﬁ

and Fy(z) is an even function, we obtain for arg(z) # +7

(241)  Fy( lHFH—l—— 1:[ ](

k 1 2 k—1
) D5 (L 0(2 )

and the proof of the theorem is complete.

3. PROOF OF THEOREM

Suppose k = 4m, m € N, p= (k — 1)2 + 52 = (4m — 1)2+ 2m — 1 and

(3.1)  gr(z) = & |To((2k—2)z Za;” Il where ay ; = [P Io((2k — 2)2).

Fork:4m+2,1etp:(k—1)2+%:(4m+1)2+2mand

(3.2)  gr(z) = & |[L((2k—2)z Za;w 277 | where ay ; = [P [,((2k — 2)2).

For k =4m+1, let p= (k— 1)> + 5% = (4m)? + 2m we set

P
(3.3) gr(z) = é |cosh((2k —2)z)z7P — Zak’j 277 |, where ay ; = [2P77] cosh((2k — 2)z).
Jj=1

Finally, for k = 4m +3, let p = (k — 1)> + £ = (4m +2)? + 2m + 1 and

(34) gr(z) = ¢ [sinh((2k —2)z Zakﬂ ~I| | where ay; = [2P77] sinh((2k — 2)z).

The functions given in eq. (B)-(B4) are entire, even and the constants ¢ satisfy
gi(|2) ~ ¢ ePFDIEN DT s o] — 0o

where ¢, = g (k=1) Hi»:ll I'G+1- %) HI: 12T'
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Proof. Claim 1. Suppose z € C\ R, then we have
(3.5) | Fi(2)] = o(|2| ™ Fr(|2])).

To prove Claim 1, we conclude from Theorem [ that

2_k-1
2

(3.6) Fi(z) = ¢}, ez ;= (k=1 (1+0(]z|™")) for arg(z) # +7/2,

where ¢}, = 7+~ Hf;ll LiE+1-13) Hf;f 7! holds. We write z = re® and obtain for 6 #
0, m, +m/2

|Fx(2)]
2|71 F(|2])

Therefore we have |Fj,(2)| = o(|z| 1 Fk(|z])) for arg(z) # 0,7, £7/2. Since |F(2)| and |z|~*Fx(|2])

are continuous, eq. ([B.7)) implies

(37) 672(k71)(17cose)r r (0(1) + O(|Z|71)) .

(3.8) o)l = o(|z|"'Fi(|z])), for z € C\R.

whence Claim 1.
Claim 2. For any k > 2, the functions given in eq. (31))-(B4) satisfy

(3.9) lgr(2)] = o(|z] "' gr(l2)) for € C\R

and
—zl 1 —(k—1)2_ k=1 _
gr(l2]) = cf eF2N 2 ~E==57 (14 O(J2 7).

Suppose first k = 4m or 4m + 2. Then we have

P
(3.10) gk(2) = & | L((2k —=2)2)27P = ax;277 |, s=0orl,
j=1
where p = (k —1)? + £52. For —Z < arg(z) < %, we have
e? H (_1)h h
(311) L) = — (Z o [Tas? = e -1+ 0<|z|-H-1>> .
T2 \h=0 "7 =1

Using eq.([BI1) we derive for sufficiently large |z|
ge()l . Hs(@k = 2)2)l[217P + 3 aklel ™
217 gk (I2]) ~ Ls((2k = 2)[z])]2l 7Pt = 305 axjlz] 771

<y e—2(k—1)(1—cos0)r r,

where C > 0 is some constant. Since gi(z) is even we have shown
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(3.12) 96(2)| = o(|2| Lgr(|z])) where arg(z) ¢ {o,w,g,_g}_

Since gx(2) is continuous eq. (BI2) implies |gx(2)| = o(|z| gk (|z])) for z€ C\R.
By eq. (810 and the definition of gx(z), we can obtain that

gr(12])

p
& | Ts((2k = 2)2D)|=[ 7 = D a2l
Jj=1

(2k 2)|z|
= 1+ 0(z|" —ckZakj|z| J

EEW |z|p+2

= ¢, PR mEDE (1 012 7).

For k =4m + 1 or 4m + 3, gx(z) satisfies

~ |e(2k72)z| + |67(2k72)z| B p »
l96(=2)| < & 5 2177+ D a2l
7j=1
(2k—2)r cos 6 —(2k—2)r cos 6 p
- [e +e _ .
= Ck 5 rp—i—Zak,er

where p = (k — 1)? + %51 and consequently for sufficiently large |z|

(3.13) M < Oy r e~ (2k=2r(1-|cosb])
[z tau(l=l) ~

for some C; > 0. eq. (3I3)) shows
(3.14) vz € C\R  |gi(2)| = oll2| 7 gr(l2]) -
For k = 4m + 1 we derive
p .
gu(z]) = & | cosh((2k = 2)|=)[=] ™ = D arl| ™
j=1
e(@E=2)|z| | o~ (2k-2)l2]

p .
5 2177 = > anl=l
j=1

= ¢ eIl ~EDTEE (14 02 7).

Il
)
Ead
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The case k = 4m + 3 follows analogously. We can conclude from
Fr(z) = ¢} e(2k=2)z = (k=1) =5 (1+0(|z]7Y) for arg(z) # £7/2,

and
Nzl —(k—1)2— k=1 _
gr(|2]) = cf PRl = E-T=57 (14 O(|2 7).

that Fi.(|z]) = gr(|2])(1 + O(|z|71)) holds. To summarize we have shown

|F(2)] = ol|lz| ' Fr(]z])) for z€ C\R
o(|z] "*gr(|z])) for z€ C\R
gr(12) (1 +O(lz[71).

|9k (2)]
Fie(l2])

We can accordingly conclude that
(3.15) |Eie(2) = g (2)] = Oz~ gx(I2])),

uniformly for all z with |z| > 1.
Claim 3. For arbitrary k > 2 we have

1

(3.16) Fr(n) ~ e~ BV =52 (2% — 2)2"  where ¢ > 0 .

To prove Claim 3 we compute, using eq. (3.15])

1227 (Fu(2) — gn(=)| < /Izl_n%w

D
< C/Z Wld%

n

k—1

where ¢ is a positive constant. For k = 4m or 4m + 2 we have p = (k — 1)? + %52 and substituting

for gi(l2[)

. el |z~ de-2)
B A - < [ ]
T k—1
72n727p7%
_ 7 (2k—2)- 2 _n 9 n
e o (k—l) k-1

=" e (k - I)Q"n’@"ﬂH%)
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where ¢/, ¢” are positive constants. By definition of the Bessel function, see eq. (L)), (B.I0) and

using Stirling’s formula

2n - Z2n D — ) =¢ (k B 1)2n+p

~ é;c €2n(k5 _ 1)2nn—(2n+p+l)'

Here s only depends on k and ¢, is a positive constant. Therefore we can conclude
(3.18) [2%"] Fio(2) ~ [ gn(2) ,

whence
(k —1)%ntp
(n+ 25%)(n + 25°)!

fe(n) = (2n)![2%"] Fr(2) ~ (2n)!é

~ o (2k — 2)271”7(1@71)27% .

In case of k = 4m + 1 or 4m + 3 we have p = (k — 1)? + £ and compute

|Z|71|Z|fpe(2k72)lzl

0 oD < [ —as
Bl =y
—2n—2—
— o) gy (D ! o
k-1 k—1

_ CH€2n(k _ 1)2nn—(2n+p+l)

where ¢/, ¢” are positive constants. For k = 4m + 1 we obtain

2k — 2)2+P
(3.19)  [2%"] gr(2) = & [2*™TP] cosh((2k — 2)2) = & @k 2™ ~ & €2 (k — 1)2p Crtrts)

(2n +p)!
and for k =4m + 3
2k — 2)2ntp
(3:20) [2*"] gk(2) = & [z°"7P] sinh((2k — 2)2) = & ((211%19)' ~ &, € (k= 1)2mn ),

Since |[22"] (Fi(2) — gr(2))| < ¢ €"(k — 1)2"n~CntPH) oq. (BI19) and B20) guarantee
(3.21) (22" Fiu(2) ~ [2*"] g (2) -

Accordingly we obtain

(2k — 2)2n+p
(2n + p)!
and Theorem [2] follows. O

1

(3.22) fe(n) = (2n)! [22"] Fi(2) ~ (2n)! & ~ e DR (9 — 2)2m
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