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Canonical RNA Pseudoknot Structures
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ABSTRACT

In this paper, we study k-noncrossing, -canonical RNA pseudoknot structures with mini-
mum arc-length greater or equal to four. Let le .n/ denote the number of these structures.

We derive exact enumeration results by computing the generating function le .z/ D

T4

n i i 4 K12 K1 4,
n T .n/z" and derive the asymptotic formulas Tk;s.n/ Ck N z . k;3/ for

that the set of biophysically relevant RNA pseuddknot structures is surprisingly small and
suggest a new structure class as target for prediction algorithms.

Key words: canonical, enumeration, generating function, pseudoknot, RNA secondary structure,
singularity analysis.

1. INTRODUCTION

VER THE LAST DECADE, RNA pseudoknot structures have drawn a lot of attention (Mapping, 2005).
From micro-RNA binding to ribosomal frameshifts (Parkin et al., 1992), we currently discover
novel RNA functionalities at truly amazing rates. Our conceptional understanding of RNA pseudoknot
structures has not kept up with this pace. Only recently the generating functions of k-noncrossing RNA
structures of arc-length 2 (Jin et al., 2008a), arc-length 4 (Han and Reidys, 2008), and canonical k-
noncrossing RNA structures of arc-length 2 (Jin and Reidys, 2008a) have been derived. While these
combinatorial results open new perspectives for the design of new folding algorithms, it has to be
noted that realistic pseudoknot structures are subject to a minimum arc-length 4 and stack-length 3.
Therefore, the above structure classes are not best possible, The lack of a transparent target class of RNA
pseudoknot structures represents a problem for ab initio prediction algorithms. There are four algorithms,
capable of the energy based prediction of certain pseudoknots in polynomial time: Rivas and Eddy (1999)
(dynamic programming, gap-matrices, O.n®/ time and O.n*/ space), Uemura et al. (1999) (O.n%/ time
and O.n*/ space, tree-adjoining grammars), Akutsu (2000), and Lyngso and Pedersen (2000). All of them
follow the dynamic programming paradigm and none produces an easily speci able class of pseudoknots
as output.
In this paper we characterize a class of pseudoknot RNA structures in which bonds have a minimum
length of four and stacks contains at least three base pairs. Our results show that this structure class is
ideally suited as a priori-output for prediction algorithms. Table 1 indicates that this class remains suitable
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TABLE 1. EXPONENTIAL GROWTH RATES OF hk;4; i-STRUCTURES WHERE 3

nk 3 4 5 6 7 8 9

3 2.0348 2.2644 2.4432 2.5932 2.7243 2.8414 2.9480
4 1.7898 1.9370 2.0488 2.1407 2.2198 2.2896 2.3523
5 1.6465 1.7532 1.8330 1.8979 1.9532 2.0016 2.0449
6 1.5515 1.6345 1.6960 1.7457 1.7877 1.8243 1.8569
7 1.4834 1.5510 1.6008 1.6408 1.6745 1.7038 1.7297
8 1.4319 1.4888 1.5305 1.5639 1.5919 1.6162 1.6376
9 1.3915 1.4405 1.4763 1.5049 1.5288 1.5494 1.5677

even for more complex pseudoknots (speci ed in terms of larger sets of mutually crossing bonds). In fact,
one can search RNA 3-noncrossing pseudoknot structure with arc-length 4 and stack-length 3 for
a sequence of length 100 w.r.t. a variety of objective functions (in particular loop-based minimum free
energy models) on a 4-core PC in a few minutes (Huang et al., 2008).

In order to put our results into context, we turn the clock back by almost three decades. Beginning in
1978, Waterman (1978, 1979), Howell et al. (1980), and Waterman and Smith (1986) began deriving the
concepts for enumeration and prediction of RNA secondary structures. The latter represent arguably the
prototype of prediction-targets of RNA structures. RNA secondary structures are coarse grained structures
which can be represented as outer-planar graphs, diagrams, Motzkin-paths or words over . ( and ) .
Their decisive feature is that they have no two crossing bonds and arc-length greater or equal to two
(Fig. 1). Let T, .n/ denote the number of secondary structures with arc-length over n D fl;:::;ng.

The key to RNA secondary structures is the following recursion for T, .n/:

n >@1/
T, .n/DT, . .n 1/C T, .n 2 J/T, J/ (1.1)
jDo
where T, .n/ D 1for0 n . The latter follows from considering the concatenation of Motzkin-

ths with minimum peak-length 1. Equation (1.1) implies for the generating function T, .z/ D
n o T, -n/z" the functional equation

2T, .z 1 zCz*C Cz /T, .zZ/C1DO (1.2)
from which eventually
1C2z 2z2°Cz Clel 47 C4z2 27 C1C4z C2 4z C3Cz2 <2
T, .z/ D T

follows. Therefore, minimum arc-length restrictions do not impose particular dif culties for RNA secondary
structures. In fact, minimum stack size conditions can also be dealt with straightforwardly. We furthermore
note that Equation (1.1) is a constructive recursion, i.e., it allows us to inductively build secondary structures
over n from those over i, forall i <n.

In order to analyze RNA structure with crossing bonds, we recall the notion of k-noncrossing diagrams
(Jin et al., 2008a). A k-noncrossing diagram is a labeled graph over the vertex set n with vertex degrees

the upper half-plane, containing at most k 1 mutually crossing arcs. The vertices and arcs correspond to
nucleotides and Watson-Crick (A-U, G-C) and (U-G) base pairs, respectively. Diagrams have the following
three key parameters: the maximum number of mutually crossing arcs, k 1, the minimum arc-length,
and minimum stack-length, (hk; ; 1i-diagrams). The length of an arc .i;j/isj i and astack of length
is a sequence of parallel arcs of the form ..i;j/;.iC1;j 1/;:::;.0C. 1/;3 . 1/// (Fig. 2).
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FIG. 1. RNA secondary structures.

We call an arc of length a -arc. Let T,. .n/ denote the set of k-noncrossing diagrams with minimum

arc- and stack-length and  and let T. .n/ denote their number.

In the following, we shall identify RNA pseudoknot structures with k-noncrossing diagrams and refer
to them as hk; ; i-structures. RNA pseudoknot structures occur in functional RNA (RNAseP) (Loria and
Pan, 1996), ribosomal RNA (Konings and Gutell, 1995), and plant viral RNAs and in vitro RNA evolution
experiments have produced families of RNA structures with pseudoknot motifs (Tuerk et al., 1992). In
Figure 3, we give several representations of the UTR-pseudoknot of the mouse hepatitis virus. Due to
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FIG. 2. k-noncrossing diagrams: we display a 4-noncrossing, arc-length 4 and 1 (upper) diagram and a
3-noncrossing, 4 and 2 (lower) diagram.

the crossings of arcs RNA pseudoknot structures differ considerably from secondary structures: they are
inherently non-inductive and no analogue of Equation (1.1) exists.

One key for the generating function of k-noncrossing RNA structures T, .z/ was the bijection of Chen
et al. (2007), obtained in the context of k-noncrossing partitions. This bijection has been generalized to
k-noncrossing tangled diagrams (Chen et al., 2008), a class of contact-structures tailored for expressing
RNA tertiary interactions. Via this result k-noncrossing RNA structures can be identi ed with certain walks
in Z¥ 1 that remain in the region

fxgioxe /22 Yixe % xk 1 0g

starting and ending at 0. The enumeration of these walks is obtained employing the re ection principle. This
method is due to Andr@ in 1887 and has subsequently been generalized by Gessel and Zeilberger (1992). In
the re ection principle, bad i.e., re ected walks cancel themselves. In other words, one enumerates
all walks and due to cancellation only the ones that never touch the walls survive. Despite its beauty,
this method does not trigger any algorithmic intuition and is nonconstructive. Moreover, k-noncrossing
RNA structures cannot directly be enumerated via the re ection principle: it does not preserve a minimum
arc-length. In Jin et al. (2008a), it is shown how to eliminate speci c classes of arcs after re ection. One
nontrivial implication of this theory is that all generating functions for k-noncrossing RNA structures are
D- nite, i.e., there exists a nonconstructive recurrence relation of nite length with polynomial coef cients
for T,. .n/. Note however, that although we can prove the existence of this recurrence it is at present not
known for any k > 2. In Figure 4, we illustrate the key steps for the enumeration of k-noncrossing RNA
structures (Jin et al., 2008a).

Once Tk4; .z/ is known we employ singularity analysis and study its dominant singularities, using
Hankel contours. This Ansatz has been pioneered by Flajolet and Sedgewick (2008). Its basic idea is
the construction of an singular-analogue of the Taylor-expansion. It can be shown that, under certain
conditions, there exists an approximation, which is locally of the same order as the original function. The
particular, local approximation allows then to derive the asymptotic form of the coef cients. In our situation,
all conditions for singularity analysis are met, since all our generating functions are D- nite (Stanley,
1980; Zeilberger, 1990) and D- nite functions have an analytic continuation into any simply-connected
domain containing zero.

We will compute Tk4; .z/ and show that Tk4; .z/ has an unique dominant singularity, whose type depends
solely on the crossing number (Jin and Reidys, 2008a, 2008b). Via singularity analysis will produce
an array of exponential growth rates indexed by k and , summarized in Table 1. The ideas of this
paper build on those of Jin et al. (2008a) and Jin and Reidys (2008a). In Jin and Reidys (2008a), core-
structures are introduced via which -canonical k-noncrossing structures can be enumerated. hk;4; i-
structures where 3 can however not be enumerated via core-structures (Fig. 5). This is a result from
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FIG. 3. UTR-pseudoknot structure of the mouse hepatitis virus.
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FIG. 4. Exact enumeration of k-noncrossing RNA structures.



