
1. Lecture 6: Branching Processes

Theorem 1. Let m = E(ξ) < ∞ then there are the following three cases:

(a) If m < 1 then limn→∞ P(Zn > 0) = 0

(b) If m = 1 then limn→∞ P(Zn > 0) = 0

(c) If m > 1 then limn→∞ P(Zn > 0) > 0.

Proof. Let f(x) =
∑

k=0 pkxk, we compute

P(Zn+1 = 0) =

∞∑

k=0

P(Z1 = k)P(Zn+1 = 0 | Z1 = k)(1.1)

=

∞∑

k=0

P(Z1 = k) P(Zn = 0)k

︸ ︷︷ ︸

P(Zn+1=0|Z1=1)k

(1.2)

= f(P(Zn = 0))(1.3)

For eq. (??) we conditioned on the first generation and for eq. (??) we used independence of the

processes, i.e. conditioned on Z1 = k the r.v. Zn+1 is obtained from k independent branching

processes of exactly n (!) generations. Hence we have

P(Zn+1 = 0 | Z1 = k) = P(Zn = 0)k .

It is clear that the sequence (P(Zn = 0))n is bounded by 1 and increasing since the probability of

0-offspring in a subsequent generation can only increase. Therefore there exists a limit

q = lim
n→∞

P(Zn = 0)

and by continuity of f and P(Zn+1 = 0) = f(P(Zn = 0)) we obtain f(q) = q.

f has as a generating function the properties: (a) f(0) = 0 and f(1) = 1 and f ′(1) = m

(b) f ′′(x) =
∑

k≥2 k(k − 1)pkxk−2 ≥ 0, i.e. f is convex and if p0 + p1 < 1 we have f ′′(x) > 0 on

(0, 1).

Suppose m > 1, p0 > 0. Then g(x) = f(x) − x is continuous and has the properties g(0) > 0 and

g(1) = 0. Indeed, g(x) is negative in some neighborhood of 1 since by assumption g′(1) = m−1 > 0

and

0 < g′(1) = lim
ǫ→0

g(1) − g(1 − ǫ)

ǫ
=

−g(1 − ǫ)

ǫ
i.e. g(1 − ǫ) < 0. As a result there exists some α ∈ (0, 1) such that g(α) = 0 i.e. f(α) = α. �
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Lemma 1. Suppose λn = 1+χn

n
. Then each Γn-vertex is contained in a (sc) of size at least ⌊χnn

4 ⌋

with probability q0 > 0.

Proof. We consider a GW-process in the sub-cube Q
n−(k+1)νn

2 (eq. (??)). First, by definition

n− (k+1)νn = n− (k+1)⌊ χnn
2(k+1) ⌋ ≥ n− 1

2χnn. W.l.o.g. we initialize this process at v = (0, . . . , 0)

and set E0 = {en−(k+1)νn+1, . . . , en} and L
(0)
0 = {(0, . . . , 0)}. We consider the n−⌊ 3

4χnn⌋ smallest

neighbors of v. Starting with the smallest we select each of them with independent probability
1+χn

n
. Suppose v+ej is the first being selected. Then we set E1 = E0 \{ej} and L

(0)
1 = L

(0)
0 ∪{ej}

and proceed inductively setting Es = Es−1 \ {ew} and L
(0)
t = L

(0)
t−1∪{ew} for each neighbor v + ew

being selected until either

(a) all smallest n − ⌊ 3
4χnn⌋ neighbors of (0, . . . , 0) are checked or

(b) we have |Es| = n − ⌊ 3
4χnn⌋, (that is s = ⌊ 3

4χnn⌋). Since

n − (k + 1)νn − (⌊
1

4
χnn⌋ − 1) ≥ n −

1

2
χnn −

1

4
χnn + 1 ≥ n − ⌊

3

4
χnn⌋

at least ⌊ 1
4χnn⌋ − 1 vertices were connected.

In case of (a) and |Es| > n − ⌊ 3
4χnn⌋ we choose the smallest element of L

(0)
t0

, v∗1 and set L
(1)
0 =

L
(0)
t0

\ {v∗1}. v∗1 has at least n− ⌊ 3
4χnn⌋ neighbors of the form v∗1 + er er ∈ Es. We begin with the

smallest of these neighbors and continue selecting with probability 1+χn

n
setting Es = Es−1 \ {ej}

and L
(1)
t = L

(1)
t−1∪{v

∗
1 +ej} for each neighbor v∗1 +ej being selected. We continue inductively setting

L
(r)
0 = Lr−1

tr−1
\ {v∗r} in case of (a) and stop in case of (b). Clearly, this process yields an induced

sub-tree of Q
n−(k+1)νn

2 . Suppose we have case (b) and |Es| = n− ⌊ 3
4χnn⌋ i.e. at least ⌊ 1

4χn n⌋ − 1

vertices have been connected. Then there are still n−⌊ 3
4χnn⌋ elements eh ∈ En−⌊ 3

4
χnn⌋. Since we

have
1 + χn

n
(n − ⌊

3

4
χnn⌋) ≥

1 + χn

n
(1 −

3

4
χn)n = 1 +

1

4
(1 − 3χn)χn > 1

for χn < 1/3, Theorem ?? guarantees that we have a Γn-(sc) of size at least ⌊ 1
4χnn⌋ vertices with

probability q0 > 0. �


